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1 Introduction 



The central object of the noncommutative geometry approach [TT] is given by a spectral triple 
(A, ~H,T>) consisting of an algebra A, a Hilbert space % and an unbounded selfadjoint operator 
T>, like the Dirac operator for manifolds. By making use of the Dirac operator, one can define a 
spectral action [B] which becomes a natural action for a classical bosonic field theory. Practical 
calculations of this action are usually done by using the heat kernel expansion, which is a stan- 
dard instrument of quantum field theory [38]. Although this approach was initially designed 
for noncommutative spaces, it appeared to be rigid enough to make predictions in the commu- 
tative case as well. For example, being applied to Riemannian manifolds with boundary [7], 
the spectral action reproduces correctly the Einstein-Hilbert action together with the boundary 
term [25J. It seems also natural to extend this approach to the Riemann-Cartan manifolds and 
bring into the focus a non-zero torsion. 

The spectral action associated to a manifold endowed with a connection with torsion has 
been computed recently in [23], though technical tools were ready long ago [201EHE1]. The 
extension by torsion [23J of the almost commutative spectral triple of the standard model in 
particle physics [U] demonstrated that torsion becomes coupled to the Higgs field and, therefore 
is possibly observable. 

The purpose of the present paper is to reconsider the calculations of [23], extend the spectral 
triple with torsion to manifolds with boundaries, and to compute the corresponding spectral 
action. We work mostly in four dimensions, although some results are valid for arbitrary even 
number of dimensions. As in [23J we restrict ourselves to totally skew-symmetric torsion. The 
presence of a skew-symmetric torsion does not modify the geodesies and is, therefore, a rather 
minimalist modification of the Riemann geometry. Regarding physical aspects of the space-time 
torsion, the interested reader can consult [35] (and also [31] for some recent developments, in 
particular recent limits on torsion given by two different experiments which place careful bounds 
on the four axial components of torsion [26.132]). 




In an expansion in the large cut-off parameter A the spectral action is local, i.e. it is given 
as a sum of volume and boundary integrals. The volume part of the spectral action with torsion 
has been calculated in [23], but, as we show below, many terms given in that paper in fact cancel 
out. In particular, there is no term quadratic in the torsion and linear in the Riemann curvature, 
no quartic torsion term, etc. These cancellations are not accidental, but they are forced by an 
important symmetry of the spectral action, which is the chiral symmetry. The importance of 
chiral symmetry for the spectral action has been stressed recently [I] in a somewhat different 
context. 

This prominent role of the chiral symmetry has motivated us to introduce a chiral phase also 
on the boundary, i.e. to consider the so called chiral bag boundary conditions. These are local 
boundary conditions depending on a real parameter 9. They are "mixed oblique" in the sense 
that in the definition of the domain of squared Dirac operator there is a piece which restricts 
solely the value of the field at the boundary (as in the Dirichlet case), and a piece which contains 
the normal derivative at the boundary (as in the Neumann case). This latter piece depends also 
on the derivatives in the directions tangential to the boundary, and this makes the boundary 
conditions "oblique" . The case 9 = corresponds to the usual local mixed boundary condition. 

The bag (9 = 0) and chiral bag (9 ^ 0) boundary conditions appeared first in theoretical 
physics, in the models of hadrons (see [24] for a review). Properties of the determinants of the 
Dirac operator for chiral bag conditions and their relations to chiral symmetry breaking were 
studied in [27,39j. A more detailed mathematical investigation of the spectral properties of the 
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Dirac operator for these conditions was performed in [14 ^ I15 ^ [19] . 

The goal of this paper is to compute the spectral action for spectral triples on compact 
4-dimensional manifolds with boundary already considered in [TIE] but in presence of a totally 
skew-symmetric torsion T. In order to do so, we exhibit simple spectral triples {A, T>, H) with 
vanishing tadpoles (Theorem I3.3() in the case of a chiral bag boundary condition. Essentially, 
the construction follows the same arguments of [25], with one difference: the boundary operator 
related to the chirality \di 1S n °t selfadjoint. In respect to this, we extend [29, Theorem 
4.5] to non-selfadjoint boundary operators in Theorem 13 .11 

We generalize [23J for chiral mixed boundary condition (in the case 9 = 0) by computing the 
spectral action in dimension 4 in section 14.21 This restriction to 6 = is justified by the fact 
that this is a critical point for the spectral action, a result obtained in section 5 via the Index 
Theorem. 

2 Notations 

Let M be a smooth compact Riemannian (with the metric g) manifold without boundary of even 
dimension n = 2m. We denote V LC the Levi-Civita connection associated to g. We fix a linear 
connection V 9 on TM which is 5-compatible and with the same geodesies as V LC . Equivalently, 
V 9 is a linear connection with a totally skew-symmetric torsion 8T (the chosen coefficient 8 is 
justified below). 

It is known in this case that we have = Vjf Y + 4T(X,Y, —), or in other words, for 

any vector fields X, Y, Z, 

g{V 9 x Y - V L X C Y, Z) = 4T(X, Y, Z). (1) 

Let M be a submanifold of M of dimension n such that its topological closure M is a 
compact manifold with smooth boundary dM = M\M. This implies that dM is a smooth 
compact submanifold of M without boundary of dimension n — 1. Remark that, for a given 
manifold M with boundary dM, there exists a manifold M with previous property. 

We also assume that M is endowed with a complex vector bundle V of dimension 2 m and 
with a smooth map 7 : TM — > End(F) giving a structure of Clifford module to V. This means 
that for any x,y G TM, {j(x),j(y)} = 2g(x,y). 

Let us remark immediately that the convention chosen here (+2g(x,y)) for the Clifford 
anticommutation relations is different from the one {—2g{x,y)) used for instance in [2]l4"[ ll7IfI5] . 
One can go from one convention to another with a multiplication by %. More precisely, 7' := 27 
satisfies {i{x),i{y) } = -2g(x,y). _ 

We also fix on V a Hermitian inner product (•, •) such that 7(3?)* = 7(2;) for any x G TM. 
Note that for a given 7, such Hermitian inner product always exists. In the following, we shall 
say that a given connection on V is unitary if for any x £ TM and v, w G V 

x{v,w) = (V^v,w) + (y, Vjfio) 

and compatible with (V™,j), where V™ is a given 5-compatible connection on TM with 
totally skew-symmetric torsion, if for any x, y G TM and v (zV, 

v£(7(l/)«) = 7(V™(y)> + j(yMv . 

Our conventions are the following (see [38]): (e) := { e\, . . . , e n } is a local orthonormal frame 
of the tangent space where e n is the inward pointing unit vector field. We assume that Roman 
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indices a, b, c range from 1 to n — 1 and index an orthonormal frame for the tangent bundle 
of dM. Local coordinates charts are denoted and (dp) is the associated local coordinate 

frame. We shall use the shorthands: 7, := 7(ej), 7^ := 7(5^) and 7^ := g^ u j u - The coordinates 
of ej in the frame (dp) are denoted (ef) and the inverse matrix is denoted (eV). 

By the proof of [T8~] Lemma 1.1.7], if we fix a given partition of unity on M and associ- 
ated local frames for the bundle V, we can construct a connection on V which is unitary and 
compatible with (V LC ,7). The idea is to patch together the connections locally defined by the 
matrices 

<4 == -I^ijkYjYk (2) 

where s = (s p ) is a local frame for V, (e) is a local orthonormal frame with = 0, T^ are 
the Christoffel coefficients of the first kind of the Levi-Civita connection in (e), and 7? is the 
matrix of ~fj in the frame s. Note that the minus sign in not present in [18] . comes from our 
different definition of 7. 

Actually, we can see from the proof that the same construction using V 3 instead of V LC is 
still valid, since the fact that V LC is torsion-free is not used. The crucial point in the proof is 
the relation = —Tikj, which is true for any g-compatible connection on TM. 

As a consequence, we can apply \18\ Lemma 1.1.7] to define a "spin" connection on 
V which is unitary and compatible with (V 9 ,7). The same construction using V LC yield to 
the connection V^ ) on V which is unitary and compatible with (V LC ,j). Locally, since T is 
skew-symmetric, ((TJ and <$fy give V!- — V:- — Tj^j^i, where Tj^i := T(ej, e&, ej). We define 
the exterior product A so that T = 3! J2j<k<i Tjkl 0j A 0k A 9i, where (9j) is the dual coframe of 
(eA The Clifford action of T (still denoted T) is thus 

T = 6 T jki (*7j)(*7fc)(*7il) = -« XI r j'*' 7?7fc7/- (3) 

j<k<l jkl 

The Dirac operators respectively associated to V( T ) and V^ ) are 

?i n 

i=l i=i 
so we deduce from the preceding equations that 

P (T) = p (0) + T 

and this relation hence justifies the factor 8 in the definition of the torsion of V 9 . 

The Dirac operators and T>^ are formally selfadjoint, as unbounded operators on 

V. := L 2 (M, V), at least when M has no boundary [TB]. Of course, since we want to deal with 
a spectral triple (A,T>( T ' ,~H), we need a selfadjoint T>^ T \ 

We denote T^- the Christoffel coefficients of V LC . If Rijki is the component of the Riemann 
curvature tensor for V LC , the Ricci tensor is Rjk ■= Rijki with scalar curvature R = Ra (so 
R = +12 for the 4-sphere). 

Moreover, we note L a b := T" fe the second fundamental form or extrinsic curvature and 
L ■= L aa . 

In coordinates, we get (V*fX) u = d^Xv+T^pXp. At the Clifford module level, we get, using 
previous notations, (v|| \V) p = dpV p + (ojp\(v)) p , where (w^) is the connection 1-form associated 
to V^ ^ and the frame s = (s p ). A computation shows that ujp[ = jcr^jf,^ = |o> p [7^,7p] where 
the spin connection (o> p ) is locally defined by — e^e^efl" 'jkl- 
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3 The spectral triple for chiral bag boundary condition 

As boundary conditions for the operator XH T ) and its square, we prefer to choose local ones 
which guarantee its selfadjointness on M, as the chiral bag boundary condition which is based 
on the existence of the usual chirality 7 n +i (which exists on even dimensional manifolds) and a 
real parameter 9. 

It has been shown [2] that such chiral bag boundary conditions yield a strongly elliptic 
boundary value problem for the Dirac operator and its square. Moreover, the associated heat- 
kernel asymptotics has been investigated on the Euclidean ball in [15] and in a more general 
setting in p3]. Some stability properties of heat-kernel coefficients with respect to parameter 9 
have been established in |19j . 

We give in this section the construction of a spectral triple based on a Dirac operator with 
a chiral bag boundary condition. 

Recall from (J3j) that the 3- form T acts on the Clifford module as — iTjki "iflkll , thus T is 
formally selfadjoint as an operator (acting by Clifford multiplication) on L 2 (M, V). Recall also 
that T>( T ^ = + T where T>^ is the usual Dirac operator based on the spin connection 
compatible with (V LC ,7). 

The chirality matrix is defined by 

7n+ i := (-i) n/2 7i • • • 7 „ , 
so 7n+l = 7n+i, = Idy and 7i7n+i = -7n+l7i- 

Note that { 7n+i, ^ (T) } = { 7n+l, ^ (0) } = { 7n+l,T } = and if n = 4, 75 = - 7l • • • 74. 
We also define 

Xe ■= -ie 97n+1 7 n+ i7 n . 

Since 7„ anti-commutes with 7„+i, x\ = Idy, so IT-|- := \ (Idy ± xe) are two non-selfadjoint 
idempotents. A direct computation shows that xe* = X-6 an d 

X-6 In + lnXe = 0, 7„ + x~e In Xe = . (4) 

The sub-bundle of V on M (resp. dM) is denoted V (resp. V) and H S (V), H S (V) are the 
Sobolev spaces of order s £ M respectively on M with bundle V and M with bundle V. Recall 
that by definition 

H S (V) := H s (M, V) := r+(H s (V)) 
where r + is the restriction on M. We define 

C°°(M,V) := r + (C°°{M,V)) , C°°{M) := r + (C°°(M)) . 

The extension by zero operator e+ is a linear continuous operator from H S (V) into H S (V) for 
any s s] — such that e + (u) = u on M and e + (u)(x) = for any u G C°°(M,y) and 

x G M\M. 

When P is a pseudodifferential operator on (M, 1/), its truncation to M is given by 

P + := r+ Pe+ . 

Let be the realization of T>^ on B Xe , that is the operator acting as T>^ on the space of 

sections ip in H l (V) satisfying the boundary condition B Xg il) = with 
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where we denoted r the restriction operation on dM (denoted 70 in [22]). 

As in [29J, define A_(t) as the *-algebra of smooth functions a € C°°(M) such that a and 

a* apply into itself where 

These functions act as multiple of the identity on the Hilbert space L 2 (V). 

We refer to [22] for the definition of an elliptic pseudodifferential boundary system and recall 
the Green formula [221 1-3.2 Proposition]: if P is a pseudodifferential operator of order k € N, 
then for any u, v € C°°(M,V), 

(P + u,v) M ~ (u, (P*)+v)m = (2lp pu, pv)d M 

where p = { ro, ■ • • , rk-i } is the Cauchy boundary operator defined by rju = (— id n y U\q M with 
ro := r (here, d n is the interior normal derivative) and 2lp is the Green matrix associated to P. 
When k = 1, 2lp is an endomorphism on the boundary dM. In particular, 2l-p(o) = —i"f n - 

It is known that T> B is selfadjoint [SJ Theorem 2.1], but we give here a proof based on 
another approach more appropriate to noncommutative geometry. We begin with an extension of 
[291 Theorem 4.5] in which the boundary endomorphism II is no more supposed to be selfadjoint: 

Theorem 3.1. Let P € ^ 1 {V) be a symmetric pseudodifferential operator of order one on M 
satisfying the transmission property (see JH[ 1.2]). 

Let II G C°°(9M, L(V)) be an idempotent endomorphism on the boundary such that the 
system {P + ,B := II r} is an elliptic pseudodifferential boundary operator. Then 

(i) Pb is selfadjoint if and only if 

(1 -n*)2i P (i -n) = and nsip 1 n* = o. (5) 

(ii) When Pq is selfadjoint, (C°°(M), L 2 (V), Pg) is a spectral triple of dimension dim(M). 
( Hi ) When P is a differential operator such that P 2 has a scalar principal symbol and Pq is 

selfadjoint, the spectral triple (Ap B , L 2 (V), Pg) is regular. 

(iv) Under the hypothesis of (Hi), Ap B is the largest algebra A in C°°(M) such that the triple 
(A, L 2 (V),Pb) is regular. 

Proof, (i) For any given endomorphism R, we shall denote R the surjective morphism defined 
as the operator acting as R from the domain of R into the image of R. 

Since P is a pseudodifferential operator of order 1 and II is a surjective morphism, we can 
apply [22^ 1.6.11 Theorem] with the following choices: the S of [22] is II and S' := 1 — II. Note 
that II is here not surjective: it is an endomorphism only surjective on V + := II(V) with kernel 
V~ := (1 — II)(V), so V is the direct (not necessarily orthogonal) sum of V + and V~ . In the 
notation of [22], we take B = Pg, G = K = G' = G = T' = and p = r. Remark that 
2lp = — 2lp since P = P* (viewed as defined on H 1 (M,V)). Thus we have (still using the 
notations of [22]), T = B and T = C"*2l P r = — C"*2lpr (the matrix L x is the number 1 here). 

According to [22, 1.6.11 Theorem], since {P+,B} is elliptic, Pg is selfadjoint if there is a 
homeomorphism ^ from H S (V + ) onto H S (V~), such that 

-C'*% P r = *fir, (6) 
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with C' satisfying (1 — II) C" = Idy- and C"(l — II) = 1 — II. In other words, C is the injection 
from V~ into V. 

By [221 (1.6.52)], when this is the case, ^ has the form ^ = C* 2lp C with ft C = U v + and 
CII = II. Note that 2l P is invertible as a consequence of the ellipticity of P. 

The following computation shows that C* = P-(l — II*)(= P-), where P- is the orthogonal 
projection from V onto V~: for any u € V and t> G V - , 

(C*u,v) v - = (u,C'v)v = (u,v) v = ((1 - U*)u,v) v = (P-(1-U*)u,v) v - . 

Now, suppose that (1 - IT) 2l P (1 - II) = and W&p 1 IT = 0. We define * = -C* 2l P C which 
is a homeomorphism from H S (V + ) onto -fP(V~). Indeed, if we set := — fl2lp 1 (l — II)*, we 
get 

* o yp- 1 = c* 2i P c ft 2ip x (i^n)* = p_ (i - n*) 2i P n ^p 1 (l^n)* 

= p_(i - n*) 2i P (n + (i - n)) ^p 1 (T^n)* = C* (i^n)* = id v - , 

and 

o $ = ft si-^i^Tn)* c'* 2i P c = ft ^(i - n*) 2i P c 
= ft sip 1 (i - n* + n*) % P c = ft c = u v + . 

Moreover, 

*n = -c"*2i P n = -p_(i - n*)2i P (n + (i - n)) = -c"*2i P . 

As a consequence, ^ is satisfied and the if part of the assertion follows. 

Conversely, suppose that P& is selfadjoint. Using Green's formula, (2l P r(u) ,r(v)) 9M = for 
any u, v £ DomPg. Since r : H 1 ^) -> H l l 2 (V) is surjective, (2l P (1 - II)V>, (1 - 11)0) QM = 
for any tp, 4> € PT 1/2 (y) and thus (1 - II*) 2t P (1 - II) = 0. Again, from (22j Theorem 1.6.11] we 
get that := C* 2lp C is a homeomorphism from P~ s (l/ + ) onto H S (V~) and we check as before 
that := — II2lp 1 (l — II)* is a right-inverse of ^, and thus, is the inverse of ^. 
The equation 9' 1 o * = Id y+ yields ft Sip 1 n* 2l P C = 0, which gives ft Sip 1 n* Sl P II = 0. Thus, 

na- 1 n* 2i P = ftsip 1 n* 2t P (i - n) = ft sip 1 (n* + (i - n*)) 2i P (i - n) = ft (i - n) = o 
so nsip 1 n* = o. 

(ii, Hi, iv) The corresponding proofs of |29[ Theorem 4.5] can be applied directly. □ 

(T) 

Corollary 3.2. is a selfadjoint operator. 

Proof. Since it is a Dirac operator, T>( > is an elliptic symmetric differential operator of order one 
such that the principal symbol of its square is scalar, and it is selfadjoint with domain H l {V). 

Since the principal symbol is unchanged by the perturbation T>^ — > = + T, and 
T is selfadjoint, 2?( T ) is also an elliptic symmetric differential operator of order one such that 
the principal symbol of its square is scalar, and it is selfadjoint with domain H (V). 

Moreover, the Green operator 2tp(T) of £>( T ) coincides with 2tp(o) = — i^ n = — 2l^(o) an d we 
get by © 

(1 - nl)7„(l - n_) = n+7 n n+ = \(j n + x-eln + lnXe + X-elnXe) = o, 

n_7 n II*_ = i(7 n - X6 In - In X-6 + X0 In X-0) = °- 

Thus, ([5]) is satisfied and the claim follows from previous theorem [%). □ 
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If M (with n even) has a spin structure with Dirac operator T>(°\ and J denotes the ordinary 
charge conjugation on the spin manifold M, then {J,7i} = 0. So [J,T] = [J,V^] = 0. 
Moreover, Jj n +i = e'~f n+ iJ, and thus J\e = z'Xs'eJ ■> where e' = — 1 if n/2 is odd and s' = 1 if 
n/2 is even. 

If we define J' := J if n/2 is even and J' := J~f n +i if n/2 is odd, then J' is an antilinear 
isometry satisfying V^J' = (-1)™/ 2 J"D^ T \ J'bJ'- 1 = b* for all b G C°°(M), so is a conjugation 
operator as defined in [29l Definition 5.2]. Moreover J'xg = Xi-iy/^eJ' so if 9 = when n/2 is 

odd, V { P J + = (-l) n / 2 J + V [ p . 

Thus, we get a spectral triple for a Dirac operator on an even dimensional manifold endowed 
with a chiral bag boundary condition and a totally skew-symmetric torsion: 

Theorem 3.3. For any 9 G R, (A„ m , L 2 (M, V) , V\ \> ) is a spectral triple which has a simple 

dimension spectrum and is regular. Moreover, if M is a spin manifold with Dirac operator T>^\ 
and if 9 = when n/2 is odd, this triple has no tadpoles. 

Proof. The proof follows from the same arguments of |29t Theorem 4.8, Theorem 5.8], using 
Theorem 13.11 instead of [291 Theorem 4.5] and J 1 , being a conjugation operator for the spectral 

triple (AptT) , L 2 (M,V) , V<^ ) in the sense of [291 Definition 5.2]. □ 

4 The spectral action 

4.1 Mixed boundary condition: 6 = 

We suppose from now on that the dimension is n = 4. 

We can rewrite T as a linear combination of —i'jj'jn^i matrices. More precisely, we have 
T = —i^j^ n+ \Tj where Tj := —Ej v kiF v ki G C°°(M,R). In coordinates, = e^Tj. In this 
respect, the Dirac operator reads 

V (T) =V (0) +T: 

p(0) = iY fa + |[ 7i ,, 7 >7) , T = i 7 A» (-7n+iT M ) , [i) 

where (cr^ p ) is the spin connection. Remark that = and = iT^ in the notation of [38} 
(3.27)]). Note also that A^ does not carry any spinor indices, which is a particularity of the 
chosen dimension n = 4. 

The square of £>( T ) produces a Laplace type operator on C°°(V) and by [T71 Lemma 4.8.1] 
there is a unique connection V v T) on V and a unique endomorphism E 6 C°°(End(y)) so that 

vW 2 = -(g^? T) vr } +E) (8) 

where 

Vj™ (9) 

^ := -| [7m, 7^,75 + |[7p,7a]<, (10) 
£ := 2T 2 - ±i? - 75 V^. (11) 



8 



We will use the shorthand notations 

T 2 := T„T„, 
jT := 7^, 

The field strength of the connection uj is 

= 1 p {^^ t p1v - V ! ,r p 7^)75 - T^7 5 - \Yl a R P a^u + (7^)7 A1 (7T)7 I/ - (jT^^jT)-/^. 

We follow the boundary conditions introduced in [J] and which have been considered in [511711281 
1221138]: choose 

X ■= Xo = *7i7273 = -^7574 • (12) 

Thus x = X* i {Xj In} = and [x, 7a] = for a = 1, 2, 3. In particular, 75 = ixii is the natural 
chirality of the even dimensional manifold M. 

As above, let II± := ^(Idy ±x) be the projections on the ±1 eigenvalues of % an d V± := H±V 
be the sub-bundles of V and fix an auxiliary endomorphism S on V . 

We define T>^p as the realization of T>^ with the boundary condition B x ip = where B x is 
defined on C°°(V) by _ 

(T) ^ 

The mixed boundary conditions B = £>(x? 5) are defined on by jB^ = where 

^:=n_(pfV)|aM©n_^ M , ^eC°°(F). (13) 

As in |4J, T>^ 2 could also have considered directly with domain given by Bip = with 

0V:=n+(vf T) + 5)n + ^ M en_^M, VeC°°(F). (14) 

For the choice of x = ~ *757m these last two boundary conditions are equivalent [H Lemma 7] 
if S = ( - [ij n , T] - L aa x)n+, thus using { 75, x } = 0, 

S = -\L aa Ii + . (15) 

These boundary conditions generalizes Dirichlet (Il_ = Idy, so x = ~ idy) and Neumann- 
Robin (n + = Idy, so x = idy) conditions. 

While Corollary 13.21 is the real motivation for the above choice of boundary conditions, it is 
nevertheless worthwhile to recall as in [7J[8] that signs and ratios in the spectral action given by 
that choice, are identical to the Euclidean action used in gravitation [25] for a zero torsion. 

4.2 Computation of the spectral action for 9 = 

The Chamseddine-Connes spectral action is 

5(2>g\*,A) :=T>(*((Z>g>) a /A a )) (16) 
where <J> is any positive even function viewed as a cut-off with A G K. 
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As detailed in [12], the spectral action (|16p of the above spectral triple (Theorem 13.31 with 
9 = 0) is related to the asymptotic expansion 

Tr(exp(-t(^) 2 ) ~ £ a k (lM T \x) (17) 



k€N 



via 



S(vjjg,&, A) = A 4 $ 4 a + A 3 $ 3 ai + A 2 $ 2 a 2 + A$ia 3 + $(0)a 4 + C(A _1 ) (18) 

with <£fc := r(fc/2) Jo°° $(s)s*/ 2-1 ds. (Note that the decomposition (fTT]) is not the same as 
in [T21 Theorem 1.145] or [291 (1)] so t ne coefficients <3?fc are different.) 

So, using [18, 30, 38 J with the decomposition of a k in T = 0-part and remainder, we get 

4 T) = 4 0) = l^Vol(M), (19) 
af ) = 4 0) = 0, (20) 

4 T) = 4 0) + 6(1^ / 48T 2 , (21) 



,(°) — _ i 

l 2 •— 6(4tt) 2 



I M 

2R+ I 4L 



(All integrations are with respect of the volume form on M and of the induced volume form on 
dM.) Using ";" for the tangential covariant differentiation on M and ":" for the same on the 
boundary, the computation of 

X:a = iT C [ya, lc]ln + ^l^ablb , 

yields 



JdM yu± a ± a , 
96(4^) 3 / 2 -fdM ~ 6L ab L a6 



,(°) - 



96(4tt) 3 / 2 >">m " 



For the next coefficient 04, we have two contributions [3l[37] (where a common pre- factor of 
is omitted): 



360(4?r) 2 

- Contributions of individual volume terms in 04: 



60RE 
180£ 2 
30ft 2 



120T 2 R - 15R 2 

720T 4 + f R 2 - 180T 2 R + 180(VT) 2 



GOT^T^ - 60(VT) 2 - 120(V M T,)(V,T At ) 
-fR^upaR^ + 60T 2 R - 120T»T U R^ - 720T 4 
i? 2 -terms : 5R 2 - 2R^R» V + 2R fiVpa R^P c 
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Contributions of individual surface terms in 04: 



l80 X E ]n 

30 X R;n 

2^L aa , bb 

l20EL aa 

RL 

L 3 -terms 

720SE 

120SR 

lUSL aa L bb 

A8SL ab L ab 

480S 2 L aa 

4805 3 

1205 :aa 

-12Lx-.aX:a 

~24:L ab X:aX:b 

-120S X :aX:a 








(240T 2 - 30R)L 

20RL + 4R anan L — 12R anbn L ab + 4R abcb L ac 

^(160L 3 - A8L ab L ab L + 272L ab L bc L ac ) 

-360LT 2 + 45i?L 

-30i?L 

-36L 3 

— 12L ab L ab L 

60L 3 

-30L 3 



-240T c T c;n + 30L a6 i? an6n + 120LT C T C - 120L ab T a T b 
-l2L ac L ac L - 96LT C T C 
-2AL ab L bc L ac - 96LT C T C + 96L ab T a T b 
30L ac L ac L + 240LT C T C 



Remark that 



/ 60tr(E iW ) + / tr((240n + - 120II_)£ ;ri ,) = 0, 

JM JdM 



Al 



12 tr^ 



mi. 



+ 



tr((42IL, 



i8n_)i? 



;n 



0. 



The following identity will be useful: 



Al 



(VT) S 



V M T, • V,T M + R UV T»T V + 



M 



dM 



-2T n T a]a + T n L + L ab T a T b 



By adding up all contributions, one obtains 



AT) 



4 0) + 



360(4vr) 2 



A7 



48LT a T a + 96L ab T a T b - 240T a T a;n - 240T n T a:a , 



,(0) - 



360(4tt) 2 



Al 



dM 

4-R 2R^ LV R^ LV ^Rfii/rjpRfivap 



(23) 
(24) 



(25) 



+ / 5Li? + 4:R anan L + 4R abcb L ac + 18L ab R anbn + fy-^ 3 + ^LL ab L ab — "^-L ab L bc L ac J . 

The spectral action, up to the order A , is obtained by the substitution of (f2Tj) . (f22|) and (f25|) 
in CCD. 



4.3 Volume part of the spectral action 

Let us discuss the volume part of the spectral action, which reads 

5(^ T U)voi = 5(P (0) ,$) vo i+ / 8A 2 $ 2 T 2 -|$(0)W + O(A- 1 ) 

JM 



(26) 
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This (amazingly simple) result is fully consistent with the previous computations of 02,04 with- 
out boundary on Riemann-Cartan manifolds [10, 20, 2T|I34|. The paper [23j gives a much longer 
expression for 04 containing 6 torsion-dependent terms instead of one in our case. Let us show 
that the simplification appearing in our calculations is not just a lucky coincidence, but rather 
reflects an important symmetry which has the spectral action at this order. 
Consider the identity 

V(<p) := e^V^e^ = 17" (V„ - 75^ - d^)) (27) 

for an arbitrary scalar function <p(x), which tells us that the gradient transformation of 
is a chiral transformation of the Dirac operator. The corresponding infinitesimal variation of 
the heat trace can be computed by repeating the same steps as were used to derive conformal 
variations, see [TT][T%]: 

^| £=0 Tr(V^M 2 ) = -Tr(4^ 75 (PH)V*K)) 2 ) = At A Tr (vi^^ ■ (28) 

Next, we introduce a generalization of the heat trace f|17j) "smeared" with an arbitrary endo- 
morphism F of the spin bundle, which also has an asymptotic expansion 



Tr(Fe-^x^) 2 ) „ £ a k (F, Z%), X ) t^ 2 . 

ken 

By expanding (|28p in power series of t, we obtain the equation 

^| E =o(ait)vol(l,^M,x) = 2(fc-4)(a fc ) VKd (^,0(O),x) (29) 

yielding that the volume part of 04 is invariant under the transformations (|27p . Consequently, 
only the terms which are invariant under — > T„ — d^(p may appear in the volume part of 04. 
The only allowed torsion dependent term is, therefore, T^ V T^ V . All couplings of the torsion to 
the Riemann curvature as well as the T 4 and (VT) 2 terms are excluded. 

These arguments cannot be used to control the boundary terms since the boundary conditions 
are not invariant under chiral transformations. The chiral invariance can be restored if one uses 
the chiral bag boundary condition, but the parameter 8 should be made coordinate-dependent, 
see [33] for a discussion. 



(T) 

When the manifold is non-compact, similar computations of coefficients a n can be done 
via a smearing function / as in [18,38J. However, the cancellations ([23]), (|24p are not satisfied 

so formulae are more lengthy and, much more important, Theorem 13.31 has to be proved in this 

(T) 

context where the spectrum of T> B is no more discrete. 

Moreover, if A is a selfadjoint one- form, i.e. A = Yl,k a k\^ > B i^k\ w Ah £ <A d (t), then 

^4 = i'y^.A^ with A^ € C°°(M,iM) and it is possible to compute the fluctuations of the Dirac 
operator T> B + A applying [38] eq. (3.26]. Notice that a real spectral triple as no fluctuations 
since V { p +A + J A J- 1 = '. 



5 Stability of spectral action with respect to 9 

Let us prove now that 9 = is a critical point of the spectral action which justifies the compu- 
tation of the spectral action in section 14.21 
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Proposition 5.1. In any even dimension, the value 6 = is a critical point for the coefficients 

(T) 

at any order of the chiral bag spectral action S{T>^ , <3?, A): precisely, for any k E N, 

d e \ e=0 a k (l,V ( - T \xe) = 0- (30) 
Proof. We shall need the following property 

7n+ i + p( r ) 7n+1 = , (31) 

which is, of course, satisfied by given in ([7|). 

If F is an auxiliary endomorphism on V, we define the coefficients a k {F,V^ T \xe)i such that 
the following complete asymptotic expansion at t — > holds: 



Tr (Fe- t( ^ )2 ) ~ £ a k (F, rt T \ Xe ) *(*-»>/> 



54.C 

The derivative of the heat kernel coefficients with respect to was calculated in [19J: 

d e \ e=0 a k (l,V^ T \xe) = {n-k)a k { ln+l M T \ X o)- (32) 

Let V\ (resp. V*j) be the eigenspace of 75 for the eigenvalue 1 (resp. —1) so that V = V\ © V 2 - By 
(|5T|) . £>( T ) = Dj T) ©P^ T) where £>j T) is the restriction of which is elliptic from C°°(Vi) into 

(T) (T) 
C°°(V2), and T)\ is the formal adjoint of T>\ . The mixed chiral boundary condition B Xo can 

be decomposed along V\ © V 2 as B x © B 2 so that £>L T) = (D { p) Bl © (^ T) ) % . By [13 Theorem 

XQ 

1.9.3], 

Tr ( 7n+1 e~ t(P *x° )2 ) = Index ({V [ p ) Bl ) for all t (33) 
where on the right hand side we have the index of the spin complex, i.e., the difference between 

(T) 

the numbers of zero eigenmodes of T> s with positive and negative chirality, or more precisely 

dimKer(I^ )g x — dimKer(X>2 )s 2 ) see |131I17| . By expanding both sides of this relation in 
asymptotic series in t, one obtains 

a fe ( 7n+ i,^ T ),xo) =0, forA;^n. (34) 

Combining ([34]) with ([32]) . one obtains the result ([30]) . □ 

Remark 5.2. More information can be provided about the scale invariant terms a n (l, T>( T \ xe) 
and a n ( 7n+ i, V^ T \ X o)- First, a n (l,V^ T \xe) is actually independent of 9 as shown in [W^ . 
Moreover, the value of a n ( 7n+ i, V^ T \ xo) is given by the t-invariant term of ([33]) . that is: 
a n ( 7n+1 ,Vm, X o) = Index ( (pf } ) Bl ) . 

Remark 5.3. In dimension 4, it is actually possible to verify flg^D /or € {0, 1,2,3} by using 
the formulae of \14\\3^ . Thus, with (|32p . we can directly get (|30p /or € { 0, 1, 2, 3, 4 }. if is 
/or higher coefficient orders that the index formula (j33|) reveals its power. 
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6 Discussion 



Let us discuss some physical implications of the spectral action we have just calculated. To 
achieve positive kinetic energies of the fields of the Standard Model, the coefficient $(0) has 
to be positive and this is the case. Consequently, the kinetic for T seems to be negative. 
However, T is an axial vector field rather that a vector field. The standard roles of the Wick 
rotation for such fields include an additional multiplier of i: an "incorrect" sign of the kinetic 
energy in Euclidean space corresponds to a positive kinetic energy in the physical Minkowski 
case. The spectral action also predicts a mass of the torsion, which is restricted from various 
physical considerations, see [36] for a recent overview, or [35] for a more detailed exposition. 
It is considerably harder to derive physical consequences of the boundary part of the spectral 
action. The only thing we can say at the moment is that there are no linear torsion terms, so 
that it is less probable that certain boundary configurations will decay into torsion. 

Our main prediction regarding the chiral bag boundary conditions is that the point 9 = is 
a critical point of the spectral action. This result is based on rather general arguments involving 
the Index Theorem, and therefore is valid to all orders in A and, presumably, for a larger class 
of spectral triples. 
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